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On some interpolation theorems for
the multipliers of the Cauchy- Stiltjes
type integrals
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Abstract
Let mα (α > 0) denote the set of all multipliers of the analytic
functions in the unit disk D, representable by a Cauchy - Stiltjes type
integral
∫
T
1/(1 − ζz)αdµ(ζ).
Let the sequence a = {ak}k≥1 ⊂ D and
Raf = {f(ak)}k≥1 , Saf = {f
′(ak)(1− |ak|
2}k≥1.
In this paper we prove that if a sequence a = {ak}k≥1 ⊂ D satisfies
conditions of Newman - Carleson and Stoltz , then
Raf = bv , Saf = l
1.
1 Introduction
Let D denote the unit disk in the complex plane and T - the unit circle. For
0 < p ≤ ∞ let HP be the usual Hardy class [1].
Let M be the Banach space of all complex-valued Borel measures on T
with the usual variation norm. For α > 0 , let Fα denote the family of all
functions g for which there exists µ ∈M such that
g(z) =
∫
T
1
(1− ζz)α
dµ(ζ), z ∈ D. (1)
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We note that Fα is a Banach space with the natural norm
‖g‖Fα = inf {‖µ‖ : µ ∈M such that (1) holds } .
The family Fα was introduced in [2] and the following results were proved
there:
If f ∈ Fα , g ∈ Fβ , then f g ∈ Fα+β (α > 0, β > 0 ) .
If α < β, then Fα ⊂ Fβ .
Definition. Suppose that f is holomorphic in D . Then f is called a
multiplier of Fα if g ∈ Fα ⇒ fg ∈ Fα .
Let mα denote the set of all multipliers of Fα and
‖f‖mα = sup
{
‖fg‖Fα : ‖g‖Fα ≤ 1
}
.
Various properties of mα were studied in [3], [8]. For example it is proved
that α < β implies mα ⊂ mα ⊂ H
∞ . Also it is proved that if f ′ ∈ H1, then
f ∈ mα for all α > 0 .
These results will be applied here.
In this paper some interpolation theorems for m1 and F1 obtained in [4]
and [7] are generalized for mα and Fα .
2 Interpolation theorems
Definition.We say that a sequence a = {ak}k≥1 ⊂ D satisfies Newman -
Carleson condition (condition ( N − C )) if
δ(a) = inf (
∏
k 6=n
∣∣∣∣ ak − an1− akan
∣∣∣∣ : n = 1, 2, . . .) > 0.
Definition.We say that a sequence a = {ak}k≥1 ⊂ D satisfies the Stoltz
condition (condition ( S )) if
Λ(a) = sup (
|1− ak|
1− |ak|
: k = 1, 2, . . .) <∞.
We will need the following Lemma.
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Lemma 1. If a sequence a = {ak}k≥1 ⊂ D satisfy conditions ( N − C )
and ( S ) then
Ω(a) = sup
y≥0
∑
k≥1
(1− |ak|)y
(1− |ak|)2 + y2
<∞.
The proof of this Lemma can be found, for example in [5] (10.2 Lemma 11)
or [6].
Let l1 and bv is the class of sequences:
l1 = (x = {xk}k≥1 : ‖x‖l1 =
∑
k≥1
|xk| < ∞ ),
bv = (x = {xk}k≥1 : ‖x‖bv =
∑
k≥1
|xk+1 − xk| < ∞ ).
The following two theorems were proved in [4] for α = 1.
Theorem 1. Let α > 0 and the sequence a = {ak}k≥1 ( ak 6= an if k 6=
n and |ak| ≤ |ak+1| ) satisfy conditions ( N − C ) and ( S ).
Then
a) If f ∈ mα, then {f(ak)}k≥1 ∈ bv;
b) For each sequence x = {xk}k≥1 ∈ bv , there is a function f in mα ,
such that f(ak) = xk, k = 1, 2, . . . .
Proof. a) Let f ∈ mα. Then
‖{f(ak)}‖bv =
∑
k≥1
|f(ak)− f(ak+1)| ≤
∑
k≥1
|f(ak)− f(|ak|)|+
+
∑
k≥1
|f(|ak|)− f(|ak+1|)|+
∑
k≥1
|f(|ak+1| − f(ak+1)| ≤ 2Λ(f) + I(f) ,
where
I(f) =
∑
k≥1
|f(|ak|)− f(|ak+1|)| ,
Λ(f) =
∑
k≥1
|f(ak)− f(|ak|)| .
In [3] (Theorem 2.6) it was proved that
∫ 1
0
|f ′(r)| dr <∞ and consequently
I(f) ≤
∑
k≥1
|ak |∫
|ak+1|
|f ′(r)| dr <
∫ 1
0
|f ′(r)| dr <∞.
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We will show that Λ(f) <∞ too.
Let n ≥ [α] + 1 is a natural number. Then mα ⊂ mn and f ∈ mn.
Since ‖1/(1− z)n‖Fn = 1 , then there exists a measurer µ ∈M for which
f(z)
(1− z)n
=
∫
T
1
(ζ − z)n
dµ(ζ) ⇒ f(z) =
∫
T
(
1− z
ζ − z
)n
dµ(ζ).
For Λ(f) we obtain
Λ(f) =
∑
k≥1
∣∣∣∣∣∣
∫
T
(
1− ak
ζ − ak
)n
−
(
1− |ak|
ζ − |ak|
)n
dµ(ζ)
∣∣∣∣∣∣ ≤
≤
∑
k≥1
∫
T
∣∣∣∣1− akζ − ak −
1− |ak|
ζ − |ak|
∣∣∣∣ L(ζ) d |µ| (ζ) =
=
∑
k≥1
∫
T
|1− ς| |ak − |ak||
|ζ − ak| |ζ − |ak||
L(ζ) d |µ| (ζ),
where
L(ζ) =
n−1∑
k=0
∣∣∣∣1− akζ − ak
∣∣∣∣
k ∣∣∣∣1− |ak|ζ − |ak|
∣∣∣∣
n−k−1
≤
≤
n−1∑
k=0
∣∣∣∣ 1− ak1− |ak|
∣∣∣∣
k
≤
n−1∑
k=0
λk =
1− λn
1− λ
.
Therefore
Λ(f) ≤
1− λn
1− λ
∑
k≥1
∫
T
|1− ζ | |ak − |ak||
|ζ − ak| |ζ − |ak||
d |µ| (ζ) .
Using the condition (S), we obtain
|ak − |ak||
1− |ak|
=
|ak − 1 + 1− |ak||
1− |ak|
≤ 1 + λ, (2)
∣∣∣∣ζ − |ak|ζ − ak
∣∣∣∣ ≤ 1 + |ak − |ak|||ζ − ak| ≤ 1 +
|ak − |ak||
1− |ak|
≤ 2 + λ. (3)
It follows from the above inequalities that
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Λ(f) ≤
1− λn
1− λ
(1 + λ)(2 + λ)
∫
T
∑
k≥1
|1− ζ | ( 1− |ak| )
|ζ − |ak||
2 d |µ| (ζ) ≤
≤
1− λn
1− λ
(1 + λ)(2 + λ) ‖µ‖ sup
ζ∈T
∑
k≥1
|1− ζ | ( 1− |ak| )
|ζ − |ak||
2 ≤
≤
1− λn
1− λ
(1 + λ)(2 + λ) ‖µ‖ sup
ζ∈T
∑
k≥1
|1− ζ | ( 1− |ak| )
(1− |ak|)2 + |a1|2 |1− ζ |
2 .
Here we used the inequalities
|ζ − |ak||
2 = (ζ−|ak|)(ζ−|ak|) = 1−|ak| (ζ+ζ)+|ak|
2 = (1−|ak|)
2+|ak| ( 2−ζ−ζ ) =
= (1−|ak|)
2+|ak| (1−ζ)(1−ζ) = (1−|ak|)
2+|ak| |1− ζ |
2 ≥ (1−|ak|)
2+|ak|
2 |1− ζ |2 ≥
≥ (1− |ak|)
2 + |a1|
2 |1− ζ |2 .
Applying Lemma 1 for y = |a1| |1− ζ | , we obtain
Λ(f) ≤ ‖f‖mn
1− λn
1− λ
(1 + λ)(2 + λ) Ω({f(ak)})/ |a1| <∞.
Consequently
‖{f(ak)}‖bv ≤ 2Λ(f) + I(f) <∞ and {f(ak)}k≥1 ∈ bv .
b) Let x = {xk}k≥1 ∈ bv. From the theorem of Vinogradov [6] it follows that
there exists an analytic function f , such that f ′ ∈ H1 and f(ak) = xk, k =
1, 2, . . . . Since f ′ ∈ H1 , it follows that f ∈ mα for all α > 0 [3].
Theorem 2. Let α > 0 and the sequence a = {ak}k≥1 ( ak 6= an if k 6=
n and |ak| ≤ |ak+1| ) satisfy conditions ( N − C ) and ( S ).
Then
a) If g ∈ Fα, then {(1− ak)
α g(ak)}k≥1 ∈ bv;
b) For each sequence x = {xk}k≥1 ∈ bv , there is a function g in Fα ,
such that (1− ak)
αg(ak) = xk, k = 1, 2, . . . .
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Proof. a) Let g ∈ Fα and f(z) = (1− z)
α g(z) . If n ≥ [α] + 1 is a natural
number, then
f(z)
(1− z)n
=
f(z)
(ζ − z)α
·
1
(ζ − z)n−α
= g(z) ·
1
(ζ − z)n−α
∈ Fα+n−α = Fn
and from the proof of Theorem 1 follows
{f(ak)}k≥1 = {(1− ak)
α g(ak)}k≥1 ∈ bv.
b) Let x = {xk}k≥1 ∈ bv. From Theorem 1 it follows that there exists a
function f ∈ mα such that f(ak) = xk, k = 1, 2, .... Then g(z) =
f(z)
(1−z)α
∈ Fα
and (1− ak)
αg(ak) = xk, k = 1, 2, . . . .
The following theorem generalizes a result in [7].
Theorem 3. Let α > 0 and the sequence a = {ak}k≥1 satisfy conditions
( N − C ) and ( S ).
Then
a) If f ∈ mα, then { f
′(ak)(1− |ak|
2 }k≥1 ∈ l1;
b) For each sequence x = {xk}k≥1 ∈ l1 , there is a function f in mα such
that f ′(ak)(1− |ak|
2) = xk, k = 1, 2, . . . .
Proof. a) Let f ∈ mα and n ≥ [α] + 1 is a natural number. Since f ∈ mn
then there exists a measure µ ∈M for which
f(z)
(1− z)n
=
∫
T
1
(ζ − z)n
dµ(ζ);
f(z) =
∫
T
(
1− z
ζ − z
)n
dµ(ζ);
f ′(z) = n
∫
T
(
1− z
ζ − z
)n−1
1− ζ
(ζ − z)2
dµ(ζ).
Using the condition (S) and (3) , we obtain
∑
k≥1
|f ′(ak)| (1− |ak|
2) ≤ n
∫
T
∑
k≥1
∣∣∣∣1− akζ − ak
∣∣∣∣
n−1
|1− ζ | (1− |ak|
2)
|ζ − ak|
2 d |µ| (ζ) ≤
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≤ 2nλn−1(2 + λ)2
∫
T
∑
k≥1
|1− ζ | (1− |ak|)
|ζ − |ak||
2 d |µ| (ζ)
≤ 2nλn−1(2 + λ)2 ‖µ‖ sup
ζ∈T
∑
k≥1
|1− ζ | ( 1− |ak| )
|ζ − |ak||
2
≤ 2nλn−1(2 + λ)2 ‖µ‖ sup
ζ∈T
∑
k≥1
|1− ζ | ( 1− |ak| )
(1− |ak|)2 + |a1|2 |1− ζ |
2 .
Applying Lemma 1 for y = |a1| |1− ζ | , we obtain
∑
k≥1
|f ′(ak)| (1− |ak|
2) ≤ ‖f‖mn 2nλ
n−1(2 + λ)2 Ω({f(ak)})/ |a1| <∞.
Consequently {f(ak)}k≥1 ∈ l1.
b) Let x = {xk}k≥1 ∈ l1. We construct the following function
h(z) =
∑
n≥1
(1− |an|
2)Bn(z)
(1− anz)2Bn(an)
xn , where Bn(z) =
∞∏
k=1
k 6=n
z − ak
1− ak z
·
|ak|
ak
.
Since
∥∥∥∥∥
1− |an|
2
(1− anz)2
∥∥∥∥∥
H1
=
1
2pi
∫
T
1− |an|
2
|1− anζ |
2 |dζ | =
1
2pii
∫
T
1− |an|
2
(1− anζ)(ζ − an )
dζ = 1,
|Bn(an)| ≥ δ(a) > 0,
then
‖h‖H1 ≤ ‖x‖l1 /δ(a) <∞ and h ∈ H
1.
Let f(z) =
∑
k≥0
hˆ(k)
k+1
zk+1 ( f ′(z) = h(z) ) .
Since f ′ ∈ H1 then f ∈ mα for all α > 0 [3] and
f ′(ak)(1− |ak|
2) = h(ak)(1− |ak|
2) = xk, k = 1, 2, . . . .
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